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Efﬁcient Spectrum Allocation in Multiband CSMA
Networks
S. Subramanian†‡ , J. M. Shea† , E. L. Pasiliao§ , M. M. Carvalho¶ , W. E. Dixon†
Abstract—We consider the problem of assigning a group of
users with different rate requirements to a set of frequency
bands, which may have different bandwidths, when the users
access the channel via carrier-sense multiple access (CSMA).
For example, in systems that employ dynamic spectrum access
(DSA), secondary users may interleave their transmissions into
space-time-frequency slots left open by primary users. The set
of primary users that are active at a given time may leave a set
of available channels that have unequal bandwidths. The use of
CSMA by the secondary users reduces the need to coordinate
transmissions among the users allocated to a particular frequency
band, but it also results in potential collisions, which reduce the
overall data rate that can be accommodated in the band. This
is especially true when the presence of a ﬁnite sensing delay
is considered. In this paper, we consider the layer problem of
allocating users to the available frequency bands to minimize
the bandwidth used (to accommodate other groups of secondary
users), while taking into account the CSMA interactions of
assigning multiple users to a band. We formulate this as a
new form of bin packing problem, in which the size of the bin
depends on the number of users that are assigned to the bin.
A near optimal solution to this problem is found numerically
using the Gurobi solver, and the performance is compared with
the suboptimal ﬁrst-ﬁt algorithm, which has complexity that is
appropriate for online implementation. Simulation results are
provided to compare the optimal and online algorithms in terms
of efﬁciency in allocating the bandwidth to the users and their
complexity.

I. I NTRODUCTION
We consider the problem of allocating users with different
rate requirements to a set of available channels, such that the
overall bandwidth used is minimized to allow for other users.
This may be particularly useful in cognitive radio systems that
employ dynamic spectrum access (DSA). For instance, in the
DSA interleaving approach, secondary users are allocated to
frequency bands that are not currently being used by some set
of primary users. In this scenario, minimizing the bandwidth
used by one set of secondary users will maximize the channel
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bandwidth available to other secondary users. However, this
will also often require allocating multiple users to a single
frequency band, in which case the data rates that can be
achieved will depend on the transmission rates of the users
and on the rate at which collisions occur because of the ﬁnite
delay in sensing when another user begins to transmit.
We formulate the problem of allocating a set of users with
speciﬁed transmission rate requirements to a set of channels
with speciﬁed channel bandwidths as a form of variable-sized
bin packing problem (VBPP) [1]–[6]. Our formulation differs
from previously considered VBPPs in that the number of bins
is ﬁxed, and because of the reduction in useable capacity
caused by channel collisions in the CSMA MAC, the useable
capacity of the bin depends on the number of users assigned
to the bin and the rates of those users.
To determine whether a set of rates is achievable in a given
bandwidth, we utilize the continuous-time Markov model for
CSMA with ﬁnite sensing delays that was developed in [7].
However, an analytical expression for the region of achievable
arrival rates is not possible because it is the solution to a
nonlinear constrained programming problem. We employ the
interior point algorithm (see [8]–[11]) to solve the optimization
problem, and further provide an analytic expression that can
be used to approximate the achievable arrival rate region when
there are 100 or fewer users assigned to a frequency band. The
analytical expression also has the advantage that it depends
only on the number of users assigned to the channel and not
on the rates of those users.
The bin-packing problem can be solved for a (near) optimal
solution using the Gurobi solver but with relatively high
complexity. Thus, we also use an online algorithm called the
First Fit (FF) algorithm. We present results comparing the
performance of the optimal and FF algorithms in terms of
efﬁciency of spectrum use and complexity.
The rest of the paper is organized as follows: Section II
describes the network model and the notations used throughout
the paper. Section III explains the CSMA model with propagation delays, and introduces the throughput maximization
problem. The formulation of the cross-layer problem for
efﬁcient channel allocation is described in Section IV. An
online algorithm is described in Section IV-B for the problem,
and simulation results are given in Section V to compare the
online with the optimal algorithm.
II. S YSTEM M ODEL AND P ROBLEM F ORMULATION
Consider a system of n mobile users that communicate to an
Access Point (AP) over a wireless network as shown in Fig. 1.
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Fig. 1. A n-link network scenario and conﬂict graph.

Fig. 2. CSMA Markov chain for a 2-link network scenario.

The mobile nodes are allocated to a set of disjoint frequency
bands. Multiple mobile node may be allocated to the same
band, in which case the nodes use the CSMA protocol for
multiple access. We denote the list of n user nodes (or pieces)
as L = {1, 2, . . . , n}. Let Λ = {λ1 , λ2 , . . . , λn }, where λi is
the transmission rate required by user i.
We formulate the problem of allocating the mobile users to
a set of a available channels as a VBPP. Using the terminology
of bin-packing problems, the items to be packed are the users,
and the sizes of the items, s(i) are the required rates s(i) = λi ,
1 ≤ i ≤ n. Without loss of generality, denote the available
frequency bands (or subchannels) as B = {1, 2, . . . , m},
and let the maximum transmission capacity of channel i be
Ci . However, because of collisions in CSMA, the maximum
transmission capacity of a channel can be achieved only when
a single user is assigned to the channel. A unique feature
of the VBPP we consider is that the useable capacity of a
given channel will depend on the number of users assigned
to that channel and the rates of those users. In Section III,
we provide an approximation for the useable capacity of a
channel, and the approximation only depends on the number
of users assigned to that channel. Let Λj denote the set of rates
of the users assigned to channel j. Then S(j; Λj ) denotes the
useable capacity of channel j when users with rates Λj are
assigned to it.
Then the spectrum allocation problem can be formulated as
the following VBPP:

S(j, Λj )
(1)
min

Constraint (2) requires that {Λj }, j ∈ J form a partition of Λ,
and (3) requires that the set of rates assigned to each channel
is achievable with CSMA for the speciﬁed user allocation, as
described in Section III.

J⊆B,{Λj }

j∈J

subject to



Λj = Λ and Λi ∩ Λj = ∅ ∀i = j
j∈J

λ ≤ S(j, Λj ), j ∈ J.

(2)
(3)

III. CSMA C HANNEL C APACITY WITH C ARRIER
P ROPAGATION D ELAYS
Users assigned to the same frequency band access the
channel using CSMA. We assume that all of the nodes in the
network can sense the transmissions of all of the other nodes,
provided that two or more transmissions do not begin within
a ﬁxed propagation delay, δ. If two or more nodes initiate
transmission within δ, there will be a collision, and all of the
packets involved in the transmission are assumed to be lost.
The backoff time of link k is modeled using an exponential
distribution with mean 1/Rk . The objective in this paper is
to determine whether for a speciﬁed set of desired throughput
rates Λj , there exist channel access rates Rk , k = 1, 2, ..., n,
such that the throughput rates can be achieved.
The continuous-time Markov model for CSMA with ﬁxed
propagation delay δ from [7] is used to determine the achievability of a set of rates Λ with |Λ| = n. The state of the
n
Markov model is denoted by xi ∈ {0, 1} , where xik = 1 if
link k in state i is active, and xik = 0 if link k in state i is idle.
Two sets of indices for the collision-free transmission states,
A, and the collision states, C, are deﬁned below:


n

i
xk = 1
A =
i|
 k=1

n

i
C =
i|
xk > 1
k=1

The Markov chain for a 2-link network scenario is shown in
Fig. 2.

λ∈Λj
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The stationary distribution of the continuous time Markov
chain [7] is deﬁned as
ri
(4)
pi (R)   ,
rj
j

where R  [R1 , R2 , ..., Rn ] is the transmission rate vector,
and
⎫
⎧ ⎧ 
n


1−xi
(
i
⎪
⎪
⎪
l)
R
1−p
x
⎪
⎨
⎬
(
)
cl
k k
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k=1
l=k
⎪
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l=k
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⎪
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⎪
min (μm )
⎪
⎪
m:xi
m =0
⎪
⎪
⎪
⎪
⎪
⎩
1
otherwise,
(5)
and 1/μi is the mean transmission length of the packets if the
network is in one of the states in set A. The quantity pcl in
(5) is the probability that link l becomes active within a time
duration of δ from the instant link k = l becomes active (see
[7]). We assume that μi = 1 ∀i.
To quantify the throughput, a log-likelihood function is
deﬁned [7] as the summation over all the collision-free transmission states as

ln (pi (R))
(6)
F (R) 
=

i∈A
n


n


k=1

k=1

ln Rk − (n − 1)
⎡

− n ln ⎣1 +

n


Rk

k=1

+

n

i∈C k=1



Rk δ

exp (−Rl δ)

l=k



xik Rk

⎤

(pcl ) (1 − pcl )(
xil

1−xil

)⎦ ,

(7)

l=k

which can be shown to be concave in R [7]. Hence, the
optimization problem1 is deﬁned as
max (F (R)) .
R

(8)

In addition to maximizing the log-likelihood function, certain
constraints must be satisﬁed. Before proceeding with formulating the constraints, let Ψk (R) denote the service rate for a
link k, deﬁned as

exp (−Rl δ)
Rk
l=k

Ψk (R) 
,
(9)
rj
j

k = 1, 2, ..., n − 1, where rj is deﬁned in (4) and (5). Hence,
the service rate at each transmitter of a link needs to be greater
1 An alternate way to express the optimization problem is to deﬁne the loglikelihood expression in (6) as a function of the collision states, and minimize
this function. It is worth noting that in such a case, we obtain a nonlinear
concave minimization problem, which is tedious to solve.

than or equal to the arrival rate λk , i.e.,
ln Ψk (R) − ln λk ≥ 0,

(10)

k = 1, 2, ..., n − 1, and the chosen mean transmission rates
Rk , k = 1, 2, ..., n − 1 need to be non-negative, i.e.,
Rk ≥ 0,

(11)

Note that ln Sk (R) − ln λk = 0, λk > 0 is concave for all k.
IV. E FFICIENT S PECTRUM A LLOCATION
The preceding section brieﬂy discussed a model that was introduced in [7] for a dynamic delay-prone CSMA network, and
calculated the optimized mean transmission rates for maximal
throughput, expressed in terms of the steady-state probabilities
of the collision-free transmission probabilities. As explained
in Section I, CSMA cognitive radio technologies uses the
spectrum sensing functionality to determine the interference of
the primary users using the channel, and makes a decision if
the secondary users can be accommodated in that channel. For
this purpose, it is critical to analyze the achievable arrival rate
region based on the CSMA policy (any policy that achieves
the optimal mean transmission rates) used, and hence evaluate
the DSA protocols based on such MAC characteristics. The
following section explains the determination of this region.
A. Achievable Arrival Rate Region with CSMA Propagation
Delays
The optimization problem deﬁned in (8)-(11) is a concave
constrained nonlinear programming problem, and obtaining
a analytical solution, and further determining the achievable
arrival rate region, is tedious. The Karush-Kuhn-Tucker conditions for the problem in (8)-(11) even for a simple 2-link
case of the network gives a total of 6 nonlinear simultaneous
equations, and obtaining an analytical solution for such a
problem is difﬁcult. There are numerical techniques adopted in
the literature which have investigated nonlinear programming
problems in detail [8]–[11]. We will use the interior point
algorithm to solve the optimization problem deﬁned in (8)(11) for deriving the achievable arrival rate region. Hence,
the achievable arrival rate region is obtained by varying the
arrival rates until a maximum arrival rate vector is determined
that numerically solves (i.e., determines the optimal set of
transmission rates) the nonlinear convex programming problem deﬁned in (8)-(11) using the interior point algorithm. From
such numerical simulations using Matlab, the bin size S(j, Λj )
in (3) can be approximated based on the number of users
assigned to the band as S(j, Λj ) ≈ Cj S(n). Here, S(n) is an
approximation of the normalized useable capacity, and is the
piecewise linear continuous function
⎧
1.11 − 0.11n,
1 ≤ n < 4,
⎪
⎪
⎪
⎪
⎪
0.91
−
0.06n,
4
≤ n < 7,
⎪
⎪
⎪
⎨0.7156 − 0.0322n, 7 ≤ n < 16,
(12)
S(n) =
⎪
0.3714 − 0.0107n, 16 ≤ n < 30,
⎪
⎪
⎪
⎪
⎪
0.0714 − 0.0007n, 30 ≤ n ≤ 100,
⎪
⎪
⎩
0,
n > 100.
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It is worth noting that such expressions for the achievable
arrival rate region can be obtained for a variety of MAC
systems such as IEEE 802.11 (see [12] for experimental
evaluation of this region). The development in the current
and the previous sections provides a recipe for efﬁcient DSA,
and can be applied to a wide range of MAC systems if the
achievable arrival rate region can be approximated as in (12).
Substituting for S(n) using (12), the quantity S(j; Λj )
in (1) can be expressed using the Special Ordered Set of
type 2 (SOS-2) representation for piecewise continuous linear
function, given in the right-hand-side of (12). Note that this
problem will be a variant of the classical bin packing problem
[1], [13]–[16], also a Mixed Integer Quadratic Programming
(MIQP) problem in this case. The bin packing problem is NPHard [13]. We use the Gurobi solver [17] for determining the
optimal channel allocations, and will refer to the procedure
used by it as OPT. The results for various instances of this
problem will be discussed subsequently in Section V.
The solutions provided by the solver is a centralized, ofﬂine
solution to the channel allocation problem. Further, the time
complexity for such problems are very high as will be seen in
Section V. In order for such algorithms to ﬁnd applications that
involve dynamic allocations of radio nodes to a spectrum, such
as in the case of cognitive radio technologies, it is essential to
adopt online approaches to solve the MIQP. We will discuss
the available online algorithms in the following section.
B. Online Algorithms
Spectrum sensing in cognitive radio technologies (for details, see [18], [19]) allows the arriving user node to detect
and choose the RF spectrum based on the underlying MAC
model described in Section III. Hence, as noted earlier, online
algorithms are required for such capabilities. Note that we
intend to solve a variant of the bin packing problem, called
the Variable-sized Bin Packing Problem (VBPP) for obvious
reasons of having to deal with ﬁnite number of distinct
bandwidths. Various schemes have been proposed for ofﬂine
and online algorithms [1]–[6] for VBPP.
A commonly used online algorithm that can be used to
solve this VBPP is the First Fit (FF) procedure (cf. [2], [3],
[20]) algorithm, that reviews all partially packed bins, placing
the next available piece in the lowest indexed bin if there is
room, before starting to pack a new bin. The time complexity
for FF is O(n log m) [2]. Other commonly used algorithms
to solve VBPP includes Variable Harmonic (procedure VH)
algorithm [4] with a time complexity of O(n log m). We
will use FF to solve our problem, as the time-complexity is
comparable with that of VH with ﬁxed number of available
bins. It is important to note that certain instances might result
in infeasibility with online algorithms, especially with a ﬁnite
set of bins. The analysis of the online algorithms in the
context of determining the asymptotic and absolute worst-case
performance ratios with respect to the optimal algorithm (cf.
[14]) for this particular problem is left for future work.
To implement FF, a binary tree is generated with log m
levels and m bins, each of the nodes in the tree has a label

denoting the size of the bin [2]. The tree has a total of 2m − 1
nodes - m leaves corresponding to the m bins, and m − 1
inner nodes, as shown in Fig. 3. The labels of the leaf nodes
of the initial tree denote the capacity of its corresponding bin
(bins are sorted in descending order from the leftmost to the
rightmost leaf) for the ﬁrst node to be packed. The labels
of each of the inner nodes denote the maximum value of
its child nodes. Once the tree is obtained, procedure FF (see
Algorithm 1) is used for allocating the pieces to the bins. Each
of the piece will start at the root node, and will always start
comparing its value with the label of the leftmost child node.
If the piece size is lesser than the label, the piece traverses;
otherwise, checks the label of the right child node and traverses
accordingly. Similar procedure is employed for the subsequent
levels, and once the piece reaches the leaf, it is packed in the
corresponding bin. The number of comparisons for this effort
is log m. Once packed, the corresponding leaf node is updated
with the remainder capacity for the next piece, calculated by
using the approximation, S(j, Λj ) ≈ Cj S(n), in (12), and the
cumulative arrival rates of the pieces that has already been
accommodated in that bin. Next, the inner nodes of the tree
are updated by selecting the maximum value of its child nodes.
The label updating process takes log m steps. Hence the time
complexity to pack n pieces is O(n log m). A value of 0 for
the leaf nodes of the tree indicates that the corresponding
bin cannot accommodate another piece for it has used up its
capacity for the packed pieces.
V. S IMULATION R ESULTS
DSA protocols can be characterized by various performance
metrics such as time-complexity and bandwidth utilization.
Online algorithms like FF rely on the order of arrivals of the
users and their sizes and hence, the worst-case performance
ratios with respect to the optimal algorithm will depend on
them. Such analysis for FF for the classical bin packing
problem is detailed in [14]. In our problem, it is difﬁcult to
establish such metrics due to the dependence on the numerical
achievable arrival rate model of (12), in addition to the
dependence on the order of user arrivals. Hence, for evaluating
the performance of FF for DSA applications, we determine
the average bin space used for a given set of bandwidths
subsequently.
Numerical simulations are performed using Matlab and
Gurobi solver in a Intel R CoreTM i5 CPU 750, 64-bit 2.67
GHz processor to compare the performance of the online
algorithm FF with the optimal algorithm OPT (Gurobi solver
is used to determine the OPT algorithm). For this purpose, we
ﬁx the number of users n waiting to be allocated spectrum, and
chose their arrival rates from a uniform distribution from the
set (0, 10] MHz. Then, the utilized bandwidth to allocate these
users is calculated using OPT and FF. We repeat this procedure
for a total of 100 simulations for each n, varied between
5 and 15, with the user nodes arriving based on a uniform
distribution from the set (0, 10] MHz in each simulation, and
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Input: m; n; BinaryTree(m);
foreach i ∈ LeafNode do
N (i) = 0;
% All bins have 0 nodes initially.
L(i) = 0;
% Size of occupance of nodes is 0 initially.
end
Temp = 0;
foreach j ∈ {1, 2, .., n} do
Temp = 0;
l ← Root;
while l ∈
/ LeafNode do
if s[j] ≤ s[l] then
if s[j] ≤ s[LeftChild(l)] then
l = TraverseLeft(l);
else
l = TraverseRight(l);
end
else
The node cannot be packed; % Infeasible solution.
Temp = 1;
break;
end
end
if l ∈ LeafNode & Temp = 0 then
N (l) = N (l) + 1;
L(l) = L(l) + λj ;
c = Capacity(N (l) + 1); % Capacity for the next node.
s[l] = c − L(l); % Remainder capacity.
while l = Root do
if s[l] < s[Adjacent(l)] then
s[Parent(l)] = s[Adjacent(l)];
else
s[Parent(l)] = s[l]
end
l = Parent(l);
end
end
end
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Fig. 3. Binary tree data structure for implementation of FF. Initial
tree (top) with the nodes waiting to be packed. The size of the bins,
i.e., C = {10, 4, 1, 0.5} MHz, and the piece arrival rates, i.e., s[i] =
{2, 1, 1.5, 0.5, 0.1, 0.25, 2, 1.2, 1, 0.3} MHz. The capacity of the bins, i.e.,
S(j; Λj ), 1 ≤ j ≤ 4, is approximated in Section IV-A. Final tree (bottom)
with packed bins, after using FF in Algorithm 1. A value of 0 at the leaf
nodes in the ﬁnal tree implies that the bin can no longer accept nodes of
any given size, given that a set of nodes with speciﬁed arrival rates has been
packed in that bin, and a value of 0.145 implies that a node with λ = 0.145
can be accommodated in the bin C4 .
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the average value of the utilized bandwidth (or bin space) is
determined using OPT and FF for each n. The comparison of
the average bin space used by OPT and FF is shown in Fig. 4.
Further, to establish the time complexities of OPT and
FF, we start with a set of users waiting to be assigned a
bandwidth in one of the four spectrums {50, 25, 20, 10} MHz.
The arrival rates for these users were selected from a uniform
distribution from the set (0, 3] MHz. The elapsed time for the
two algorithms was determined using Matlab. The process is
repeated for the number of users varied between 1 and 100.
Fig. 5 shows the time complexities of the two algorithms.
As expected, solving the MIQP deﬁned in has a higher time
complexity, especially when n > 15 (close to 11 minutes to
determine the optimal solution for n = 20).









" "! !

Fig. 4. Average bin space used by OPT and FF. The arrival rates are chosen
uniformly from the set (0, 10] MHz. The size of the bandwidths, C =
{50, 25, 20, 10} MHz.

One of the drawbacks of using an online algorithm if one
does not analyze the algorithm in the context of determining
the asymptotic and absolute worst-case performance ratios
with respect to the optimal algorithm, as mentioned in Section IV-B, is that there might exist instances of infeasibility
for a certain set of users with certain arrival rates waiting to be
allocated in one of the spectrums having a certain bandwidth.
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the algorithms in terms of efﬁciency of bandwidth utilization
and complexity.
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Fig. 5. Time complexity of OPT and FF. The arrival rates are chosen
uniformly from the set (0, 3] MHz. The size of the bandwidths, C =
{50, 25, 20, 10} MHz.
TABLE I
TABLE SHOWING THE INFEASIBILITY OF AN INSTANCE USING THE ONLINE
ALGORITHM FF WHEN OPT IS FEASIBLE . T HE NUMBER OF BINS , m = 4,
NUMBER OF PIECES , n = 10, AND C = {10, 4, 1, 0.5} MH Z . S EE F IG . 3
FOR ILLUSTRATION .

Arrival Rates,
in MHz
{2, 1, 1.5, 0.5, 0.1,
0.25, 2, 1.2, 1, 0.3}
{2, 1, 1.5, 0.5, 0.1,
0.25, 2, 1.2, 1, 1.3}

Bin space used,
in MHz
OPT
FF
10.11

10.56

10.88

10.06

Comments
Feasible by
OPT and FF
p10 is infeasible
using FF

Table I shows one instance of such infeasibilities.
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We developed techniques to optimize the allocation of
users with speciﬁed rates to multiple channels of speciﬁed
bandwidths, where users that are assigned to the same channel
use CSMA. We formulate this optimization problem as a
variable-size bin packing problem with some novel twists,
including that the bin size is dependent on the items being
packed into the bin. The bin size corresponds to the achievable
rate region for the given bandwidth, and we determine the
optimal rate region using a continuous-time CSMA MAC
model with propagation delays. The interior point algorithm is
used to determine the optimal mean transmission rates of the
user nodes, and we further approximate the achievable arrival
rate region of the network as a piecewise continuous linear-inn function, which is used in the bin-packing optimization. The
Gurobi solver is used to provide a (near) optimal solution to
the bin-packing problem, and the ﬁrst-ﬁt algorithm is used to
ﬁnd an online, approximate solution. suggested for solving the
MIQP. simulations are used to compare the performances of
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